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$k$ $R$ $k$ $R$ $k$
$=k$ $R_{1}$ noetherian graded ring $R=\oplus_{:>0}R$.
$R$ $k[x_{1}, x_{2}, \ldots, x_{n}]/I$
$\deg x$:=1 $A=k[x_{1}, x_{2}, \ldots,x_{n}]$ $I_{1}=(0)$
$M$ $A$ $M$ Hilbert series
$F(M,t)=. \cdot\sum_{\in \mathrm{Z}}$ ( $\dim_{k}$ M.$\cdot$ )t $\cdot$..
$\dim_{k}M_{1}$. M- $k$
$k$ $R$ Hilbert series $F(R,t)$
$F(R,t)= \frac{h_{0}+h_{1}t+\cdots+h_{s}t^{s}}{(1-t)^{\dim R}}$ ,
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$(R)= \sum_{0\leq t\leq n}\mathrm{a}\deg_{r}(R)$
,
$\text{ }$
$\mathrm{m}\mathrm{u}1\mathrm{t}I(P)=l(H_{P}^{0}(I_{P}))$ . $r$ $\mathrm{a}$]
([Ba-Mu] +1 )
$\mathrm{a}\deg_{d}(R)=\deg(R)$ $\dim A/I=d$




A( .j\rightarrow \mbox{\boldmath $\varphi$}0 $Marrow 0$
$\mathrm{r}\mathrm{e}\mathrm{g}M=\max\{j-i|\beta_{,j}(M)\neq 0\}$
$M$ initial degroe indeg $M$
indeg $M= \min\{j|\beta_{0_{\dot{O}}}(M)\neq 0\}$
$M$ relation type $\mathrm{r}\mathrm{t}M$
$\mathrm{r}\mathrm{t}M=\max\{j|\beta \mathrm{o}_{\dot{\theta}}(M)\neq 0\}$
$\mathrm{G}\mathrm{r}\tilde{\mathrm{o}}\mathrm{b}\mathrm{n}\mathrm{e}\mathrm{r}$ basis T
[Ei, Chapter 15] $k$ $A=k[x_{1}, x_{2}, \ldots, x_{n}]$
$\text{ }$
$I$ $A$
$\text{ }$ Gin (I) reverse lexicographic order





$\mathrm{r}\mathrm{e}\mathrm{g}$ Gin $(I)=\mathrm{r}\mathrm{e}\mathrm{g}I$ .
L2([St-Tk-Vo]).
adeg $A/\mathrm{G}\mathrm{i}\mathrm{n}(I)\geq \mathrm{a}\deg$ $A/I$.
\S 2 Stanley-Reisner $\mathrm{g}$
$V=\{x_{1},x_{2}, \ldots,x_{v}\}$ $V$ (sim-
plicial complex) $\Delta$ (1) (2) $2^{V}$
$2^{V}$ $V$
(1) $1\leq i\leq v$ {x|.}\in \Delta
(2) $\sigma\in\Delta$ , \mbox{\boldmath $\tau$}\subset \sigma \Rightarrow \mbox{\boldmath $\tau$}\in \Delta
$\#(\sigma)$ $\sigma$
$\Delta$ $\sigma$ $\Delta$ (face)
$\#(\sigma)=i+1$ $\dim\sigma=i$ $i$-face
facet $r$ $r$-facet
facet $\Delta$ pure $\Delta$
(dimension) $\dim\Delta=\max\{\dim\sigma|\sigma\in\Delta\}$
$A=k[x_{1},x_{2}, \ldots, x_{n}]$ n ${ }$ $\mathrm{E}\ovalbox{\tt\small REJECT}$ $V=\{x_{1},x_{2}, \ldots, x_{v}\}$
$\Delta$ $A$ $I_{\Delta}$
$I_{\Delta}=(X_{i_{1}}X_{2}.\cdot\cdots X_{1}.|r1\leq i_{1}<i_{2}<\cdots<i_{r}\leq n, \{_{XX_{2},\cdots,x:_{r}}:_{1},\}\not\in\Delta)$.
$k[\Delta]:=A/I_{\Delta}$ $\Delta$ Stanley-Reisner o
$\dim k[\Delta]=\dim\Delta+1$ .
$I_{\Delta}= \bigcap_{\sigma \mathrm{i}\mathrm{s}}$ afacet $(x:_{1},x:_{2}, \cdots,x:_{r}|x_{j}.\cdot\not\in\sigma)$.
$\dot{\mathrm{B}}\mathrm{a}$
$\deg k[\Delta]=\#$ { $\Delta$ \star faoe}
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$l\backslash ^{*}?\mathrm{o}h\backslash o_{0}$
$\mathrm{a}\deg_{f}k[\Delta]=\#$ { $\Delta\emptyset$ r–l-facet}
$\Delta$ Alexander dual complex $\Delta^{*}$
$\Delta^{*}=\{\sigma\subset V : V\backslash \sigma\not\in\Delta\}$ .
21.




[Va-Vi, $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}3.15$ ]
3.1. $\Gamma$ pure $\Delta$ $\Gamma$
$\deg(k[\Delta])\leq\deg(k[\Gamma])t^{\dim\Gamma-\mathrm{d}\dot{\mathrm{m}}\Delta}$
$t= \max${ $\#(\sigma)|\sigma\in\Gamma,$ $\sigma$ is a.minimal non-faoe of $\Delta$ }.
$\Gamma$ 1 facet
3.2. $I$ $A$
$\deg(A/I)\leq \mathrm{r}\mathrm{t}(I)^{\epsilon \mathrm{o}\dim A/I}$ .
. $k$ $t=\mathrm{r}\mathrm{t}(I)$ $I’=\oplus:$”$I-$
$\mathrm{c}\mathrm{o}\dim A/I=\mathrm{c}\mathrm{o}\dim A/I’=\mathrm{h}\mathrm{t}I’=\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{e}(I’)$ $\mathrm{h}:=\mathrm{h}\mathrm{t}I’$ A-
regular sequenoe 4 $y_{1},y_{2},$ $\ldots y_{h}$ (cf. [Br-He,
Prop 1.5.12]) $J=(y_{1},y_{2}, . .[)$ $A/J$





Proposition 36] Alexander duality
4.1. $R=A/I$ $k$ $0\leq r\leq n$
$\mathrm{a}\deg_{r}(R)\leq(\begin{array}{lll}\mathrm{r}\mathrm{e}\mathrm{g} I+n-r -l n-\mathrm{r} \end{array})-(\mathrm{r}\mathrm{e}\mathrm{g} I -\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{g}n-r I+n-r -l)$ .
. $|k|=\infty$ . 1J $\mathrm{r}\mathrm{e}\mathrm{g}$ Gin(I) $=\mathrm{r}\mathrm{e}\mathrm{g}I$
$h(A/I)=h(A/\mathrm{G}\mathrm{i}\mathrm{n}(I))_{\text{ }}$ polarization L, Stanley-Reisner ring
$k[\Delta]=B/I_{\Delta}$ $\mathrm{e}(A/I)=\mathrm{e}(k[\Delta])$ $\mathrm{r}\mathrm{e}\mathrm{g}I=\mathrm{r}\mathrm{e}\mathrm{g}I_{\Delta}$ o
$d^{*}=\dim k[\Delta^{*}]\text{ }p^{*}=\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{h}$ $k[\Delta^{*}]$ $m=\mathrm{e}\mathrm{m}\mathrm{b}\dim k[\Delta^{*}]$
2.1 $\mathrm{r}\mathrm{e}\mathrm{g}I=m-p^{*}$ .
$y_{1},$ $y_{2},$
$\ldots,$ $y_{p}$. $k[\Delta^{*}]_{1}$ regular sequence $z_{1},$ $z_{2},$ $\ldots,$ $z_{d-p}.$. $\in$
$(k[\Delta^{*}]/(y_{1}, y_{2}, \ldots, y_{p}\cdot))_{1}$ $k[\Delta^{*}]/(y_{1}, y_{2}, \ldots, y_{p}\cdot)$ system of parameters
$\text{ }$ $\text{ }$ $k[z_{1},z_{2}, \ldots, z_{d-p}..]\subset k[\Delta^{*}]/(y_{1}, y_{2}, \ldots, y_{p}:)_{\text{ }}$
$k[z_{1}, z_{2}, \ldots, z_{d-p}..]$ $d^{*}-p^{*}$
$\dim_{k}(k[\Delta^{*}]/(y_{1}, y_{2}, \ldots, y_{p}\cdot))_{n-\mathrm{r}}\geq(^{d-p+n-r-1}..n-r)$ . 2.1 ‘
$\mathrm{a}\deg_{f}(A/I)$ $\leq$ $\mathrm{a}\deg_{f}(k[\Delta])$
$=$ $\beta_{1,n-r}(k[\Delta^{*}])$
$=$ $\beta_{1,n-r}^{B/(y_{1\prime}y_{2,\ldots\prime}y_{\mathrm{p}}\cdot)}(k[\Delta^{*}]/(y_{1}, y_{2}, \ldots, y_{p}\cdot))$
$\leq$ $\dim_{k}(B/(y_{1},y_{2}, \ldots, y_{p}\cdot))_{n-r}-\dim_{k}(k[\Delta^{*}]/(y_{1}, y_{2}, \ldots, y_{p}\cdot))_{n}$.
$\leq$ $(\begin{array}{ll}m-p^{*}+n-r -1n-r \end{array})-(\begin{array}{ll}d^{*}-p^{*}+n-r -.1n-r \end{array})$
‘
$=$ $(^{\mathrm{r}\mathrm{e}\mathrm{g}I_{\Delta}+n-r-1}n-r)-(\mathrm{r}\mathrm{e}\mathrm{g}I_{\Delta} -\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{g}I_{\Delta}+n-rn-r -1)$ .
Q.E.D.
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